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STERN’S TYPE CONGRUENCES FOR L(−k, χ)
HAO PAN AND YONG ZHANG
1. Introduction
The Bernoulli numbers Bk are given by
∞∑
k=0
Bk
k!
tk =
t
et − 1
.
The classical Kummer theorem asserts that for a prime p ≥ 5, n ≥ 1 and even k, l ≥ 0,
(1− pk−1)
Bk
k
≡ (1− pl−1)
Bl
l
(mod pn)
under the condition that k ≡ l (mod φ(pn)) and p− 1 ∤ k, where φ is the Euler totient function. For a
Dirichlet character χ modulo m, the generalized Bernoulli numbers Bk,χ are defined by
∞∑
k=0
Bk,χ
k!
tk =
m∑
a=1
χ(a)
teat
emt − 1
.
When k and χ have the opposite parity (i.e., χ(−1) 6= (−1)k), it is well-known that
L(−k, χ) = −
Bk+1,χ
k + 1
for the non-negative integer k, where L(s, χ) is the Dirichlet L-function given by
L(s, χ) =
∞∑
n=1
χ(n)
ns
for ℜs > 1. Similarly, Envall [1] also proved the Kummer-type congruence for the generalized Bernoulli
numbers:
(1− χ(p)pk−1)
Bk,χ
k
≡ (1− χ(p)pl−1)
Bl,χ
l
(mod pn) (1.1)
provided that the conductor of χ is not a power of p and k ≡ l (mod φ(pn)). Clearly, (1.1) can be
rewritten as
(1 − χ(p)p1−k)L(k − 1, χ) ≡ (1− χ(p)pl−1)L(1− l, χ) (mod pn).
On the other hand, the Euler numbers (or the secant numbers) Ek are given by
∞∑
k=0
Ek
k!
tk =
2t
et + e−t
.
It is not difficult to check that
Ek = 2L(−k, χ−4),
where χ−4 is the unique non-trivial character modulo 4. Hence for an odd prime p, we have
Ek ≡ El (mod p), (1.2)
1
2 HAO PAN AND YONG ZHANG
provided that k, l ≥ 0 are even and k ≡ l (mod p − 1). In fact, (1.2) was also obtained by Kummer.
However, for En, the case p = 2 is a little special. An old result of Stern says that for even k, l ≥ 0,
Ek ≡ El (mod 2
n)
if and only if k ≡ l (mod 2n). Clearly Stern’s result can be restated as the congruence
Ek+2nq ≡ Ek + 2
n (mod 2n+1) (1.3)
for even k ≥ 0 and odd q ≥ 1. For the proofs and extensions of Stern’s congruence, the readers may
refer to [5], [4] and [3].
Note that the Kummer type congruence (1.1) requires χ is not a character modulo the power of p.
So it is natural ask whether there exists the Stern type congruence for L(−k, χ), provided that the
conductor of χ is a power of p. The main purpose of this paper is to establish such congruence. Suppose
that p is a prime and χ is a character with the conductor pm. Define
Lk,χ =
{
(1− χ(5))L(−k, χ), if p = 2 and m ≥ 3,
(1− χ(p+ 1))L(−k, χ), if p ≥ 3 and m ≥ 2,
Theorem 1.1. Suppose that m ≥ 3 and χ be a primitive character χ modulo 2m. Let q ≥ 1 be odd and
n ≥ 1. If k ≥ 0 has the opposite parity as χ, then
Lk+2nq,χ − Lk,χ ≡
2n+2
1− χ¯(5)
· Ld,χ (mod 2
n+3), (1.4)
where d ∈ {0, 1} satisfying k ≡ d (mod 2). In particular, we have
Lk,χ ≡ Ll,χ (mod 2
n+2) (1.5)
if and only if k ≡ l (mod 2n).
Similarly, for odd prime p, we have
Theorem 1.2. Let p be an odd prime and χ be a primitive character χ modulo pm, where m ≥ 1. Let
n and q be positive integers with p ∤ q. Suppose that k ≥ 0 and k has the opposite parity as χ.
(i) Suppose that 1− χ(a)ak+1 is prime to p for an integer a with p ∤ a. Then
L(−k − φ(pn)q, χ) ≡ L(−k, χ) (mod pn). (1.6)
(ii) Suppose that m ≥ 2 and 1− χ(a)ak+1 is not prime to p for every a with (a, p) = 1. Then
Lk+φ(pn)q,χ − Lk,χ ≡
pnq
1− χ¯(p+ 1)
· Ld,χ (mod p
n), (1.7)
where d ∈ {0, 1, 2, . . . , p− 2} with k ≡ d (mod p− 1). In particular, we have
Lk+(p−1)h,χ ≡ Lk,χ (mod p
n) (1.8)
if and only if h ≡ 0 (mod pn−1).
2. power sums
Define
Sk(n, χ) =
n∑
j=1
χ(j)jk.
In this section, we shall mainly study Sk(p
n, χ) modulo pn.
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Lemma 2.1. Suppose that p is a prime and χ is a character modulo pm, where m ≥ 1. Then for n ≥ m
and k ≥ 0,
Sk(p
n, χ) ≡ pn−mSk(p
m, χ) (mod pn), (2.1)
unless p = 2, n = 1 and k is odd.
Proof. We use induction on n. There is nothing to do when n = m. Assume that n > m and the
assertion holds for smaller values of n. By the induction hypothesis,
Sk(p
n, χ) =
p−1∑
i=0
pn−1∑
j=1
χ(pn−1i+ j)(pn−1i+ j)k ≡
p−1∑
i=0
pn−1∑
j=1
χ(j)(kpn−1ijk−1 + jk)
=pSk(p
n−1, χ) + kpn−1Sk−1(p
n−1, χ)
p−1∑
i=0
i ≡ pn−mSk(p
m, χ) +
kpn(p− 1)
2
Sk−1(p
n−1, χ) (mod pn).
Hence our assertion clearly holds for odd prime p. When p = 2, we also have
Sk−1(2
n−1, χ) =
2n−1∑
j=1
χ(j)jk−1 ≡
2n−1∑
j=1
χ(j) = 0 (mod 2).

Thus we only need to consider Sk(p
m, χ) mod pm.
Lemma 2.2. Suppose that p is a prime and χ is a primitive character modulo pm. Suppose that a is
prime to p. Then for k ≥ 0,
(1− χ(a)ak)Sk(m,χ) ≡ 0 (mod p
m). (2.2)
Proof. Clearly our assertion immediately follows from the fact
m∑
j=1
χ(j)jk ≡
m∑
j=1
χ(ja)(ja)k ≡ χ(a)ak
m∑
j=1
χ(j)jk (mod pm).

Consequently, for n ≥ m, we always have
Sk(p
n, χ) ≡ 0 (mod pn), (2.3)
provided that 1− χ(a)ak is prime to p for some a.
Lemma 2.3. Suppose that p is a prime and χ is a Dirichlet character with the conductor pm.
(i) If p is odd and m > k ≥ 1, then χ(pm−k + 1) is a pk-th primitive root of unity.
(ii) If p = 2 and m ≥ 3, then χ(5) 6= 1 is a 2m−2-th root of unity.
Proof. (i) First, we show that χ(pm−1 + 1) is a p-th primitive root of unity. Clearly,
χ(pm−1 + 1)p = χ((pm−1 + 1)p) = χ
(
1 +
p∑
j=1
(
p
j
)
pj(m−1)
)
= χ(1) = 1.
So we only need to show that χ(pm−1 + 1) 6= 1. Assume on the contrary that χ(pm−1 + 1) = 1. Then
χ(kpm−1 + 1) = χ((pm−1 + 1)k) = 1 for each 0 ≤ k ≤ p − 1. Thus for any 0 ≤ k ≤ p − 1 and
1 ≤ d ≤ pm−1 − 1 with p ∤ d, letting 0 ≤ k′ ≤ p− 1 be the integer such that dk′ ≡ k (mod p), we have
χ(kpm−1 + d) = χ(d(k′pm−1 + 1)) = χ(d)χ(k′pm−1 + 1)) = χ(d).
Hence χ can be reduced to a character modulo pm−1. This leads an contradiction since the conductor
of χ is pm.
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Suppose that k ≥ 2. Similarly, we have χ(pm−k + 1) is a pk-th primitive root of unity. Note that
(pm−k + 1)p
k−1
= 1 + pm−1 +
pk−1∑
r=2
(
pk−1 − 1
r − 1
)
pm−1+(m−k)(r−1)
r
≡ pm−1 + 1 (mod pm),
since pr−1 can’t divides r for r ≥ 2. Then we have χ(pm−k + 1)p
k−1
6= 1, i.e., χ(pm−k + 1) is a pk-th
root of unity.
(ii) Since a2
m−2
≡ 1 (mod 2m) for any odd a, we have χ(5)2
m−2
= χ(52
m−2
) = 1. Assume that
χ(5) = 1. Note that for every a ≡ 1 (mod 4), there exist 0 ≤ j ≤ 2m−2 − 1 such that a ≡ 5j (mod 2m).
Hence χ(a) = 1 for every a ≡ 1 (mod 4). Thus χ can be reduced to a character modulo 4. So we must
have χ(5) 6= 1. 
Suppose that the conductor of χ is pm. If m = 1, by (2.1), clearly we have Sk(p
n, χ) is divisible by
pn−1. If p is odd and m ≥ 2, then by Lemma 2.3, 1− χ(p+ 1) is a proper divisor of p. So substituting
a = p+ 1 in (2.2), we also have pn−1 divides Sk(p
n, χ). Thus we can get
Lemma 2.4. Suppose that p is a prime and χ is a primitive character modulo pm. Then for n ≥ m
and k ≥ 0,
Sk(p
n, χ) ≡ 0 (mod pn−1). (2.4)
Furthermore, if m ≥ 3, or m = 2 and k is even, or m = 1 and k is odd, then for n ≥ max{m, 2},
Sk(2
n, χ) ≡ 0 (mod 2n). (2.5)
Proof. By the above discussions, we only need to consider the second assertion of this lemma, i.e., the
case p = 2. If m ≥ 3, then
Sk(2
m, χ) =
2m∑
j=1
χ(j)jk ≡
1∑
i=0
2m−2−1∑
j=0
χ((−1)i5j)(−1)ik5jk
=
( 1∑
i=0
χ(−1)i(−1)ik
)( 2m−2−1∑
j=0
χ(5)j5jk
)
=(1 + χ(−1)(−1)k) ·
1− 52
m−2k
1− χ(5)5k
(mod 2m).
If χ(−1) = (−1)k−1, there is nothing to do. Suppose that χ(−1) = (−1)k. Clearly
52
m−2k = (4 + 1)2
m−2k ≡ 1 (mod 2m).
By Lemma 2.3, χ(5) 6= 1 is a 2m−2-th root of unity, i.e., 1 − χ(5) divides 2. So 2(χ(5)5k − 1)−1 is
2-integral, by noting that
1− χ(5)5k ≡ 1− χ(5) (mod 4).
Thus we get that 2m divides Sk(2
m, χ).
If m = 2, then clearly Sk(2
2, χ) ≡ 0 (mod 2). And when k is even, we have
Sk(2
2, χ) = 1 + χ(3)3k ≡ 1 + (−1) · (−1)k = 0 (mod 4).
Finally, when m = 1 and k is odd, by Lemma 2.1, we have
Sk(2
n, χ) ≡ 2n−2Sk(2
2, χ) = 2n−2(1 + 3k) ≡ 0 (mod 2n).

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3. Voronoi’s type congruence for L(−n, χ)
In 1889, Voronoi proved the following congruence for the Bernoulli numbers:
(ak − 1)Bk ≡ ka
k−1
p−1∑
j=1
jk−1
⌊
ja
p
⌋
(mod p),
provided k is even and p ∤ a, where ⌊x⌋ = max{z ∈ Z : z ≤ x}. In [4], Z.-W. Sun proved a similar
congruence for the Euler numbers:
3k+1 + 1
4
Ek ≡
3k
2
2n−1∑
j=0
(−1)j−1(2j + 1)k
⌊
3j + 1
2n
⌋
(mod 2n) (3.1)
for even k ≥ 0. He also showed that the Stern congruence (1.3) is an easy consequence of (3.1). Now
we are ready to extend (3.1) for L(−k, χ).
Theorem 3.1. Let p be a prime and a be an integer with p ∤ a. Suppose that χ is a character modulo
pm. Suppose that n ≥ m, k ≥ 0 and k has the opposite parity as χ. If p ≥ 5, or p = 2, 3 and n ≥ 2,
Then
(1− χ(a)ak+1)L(−k, χ) ≡ χ(a)ak
pn−1∑
j=1
χ(j)jk
⌊
ja
pn
⌋
(mod pn). (3.2)
Proof. For 1 ≤ j < pn, we write
ja = pn
⌊
ja
pn
⌋
+ rj ,
where 0 ≤ rj < p
n. For a positive integer d, define νp(d) = max{α ∈ N : p
α | d}. Then
χ(a)akSk(p
n, χ) =
pn−1∑
j=1
χ(ja)(ja)k =
pn−1∑
j=1
χ(ja)
(
pn
⌊
ja
pn
⌋
+ rj
)k
≡
pn−1∑
j=1
χ(rj)
k∑
t=0
(
k
t
)
ptn
⌊
ja
pn
⌋t
rk−tj ≡
pn−1∑
j=1
χ(rj)
(
rkj +
k∑
t=1
k
t
(
k − 1
t− 1
)
ptn
⌊
ja
pn
⌋t
rk−tj
)
≡
pn−1∑
j=1
χ(j)jk + kpn
pn−1∑
j=1
χ(ja)
⌊
ja
pn
⌋
(ja)k−1 +
k(k − 1)
2
p2n
pn−1∑
j=1
χ(ja)
⌊
ja
pn
⌋2
(ja)k−2 (mod p2n+νp(k)),
by noting that νp(t) ≤ t− 2 for t ≥ 3. Thus substituting k by k + 1, we get
χ(a)ak+1 − 1
pn
·
Sk+1(p
n, χ)
k + 1
≡ χ(a)ak
pn−1∑
j=1
χ(j)jk
⌊
ja
pn
⌋
+
k
2
· pn
pn−1∑
j=1
χ(ja)
⌊
ja
pn
⌋2
(ja)k−1 (mod pn).
(3.3)
In particular, if p is odd, then
χ(a)ak+1 − 1
pn
·
Sk+1(p
n, χ)
k + 1
≡ χ(a)ak
pn−1∑
j=1
χ(j)jk
⌊
ja
pn
⌋
(mod pn). (3.4)
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On the other hand, we know (cf. [6, Eq. 3.2(5)])
pnBk+1,χ = Sk(p
n, χ) +
k+1∑
t=1
(
k + 1
t
)
ptnBtSk+1−t(p
n, χ)
=Sk+1(p
n, χ)−
(k + 1)pnSk(p
n, χ)
2
+
k(k + 1)p2nSk−1(p
n, χ)
12
+
k+1∑
t=4
k + 1
t
(
k
t− 1
)
ptnBtSk+1−t(p
n, χ).
(3.5)
In view of Lemma 2.4, when p ≥ 5, or p = 2, 3 and n ≥ 2, we have
pnBk+1,χ ≡ Sk+1(p
n, χ)−
(k + 1)pn
2
· Sk(p
n, χ) +
k(k + 1)
12
· p2nSk−1(p
n, χ) (mod p2n+νp(k+1)),
since pBt is p-integral by the von Staudt-Clausen theorem. That is,
L(−k, χ) ≡ −
1
pn
·
Sk+1(p
n, χ)
k + 1
+
Sk(p
n, χ)
2
−
k
12
· pnSk−1(p
n, χ) (mod pn). (3.6)
(i) Suppose that p ≥ 5, or p = 3 and n ≥ 2. Since χ(−1) · (−1)k − 1 = −2 is not divisible by p, by
Lemma 2.2,
Sk(p
n, χ) ≡ 0 (mod pn).
And by Lemma 2.4, 3 | Sk−1(3
n, χ) if n ≥ 2. Thus from (3.6), it follows that
(1 − χ(a)ak)L(−k, χ) ≡
χ(a)ak+1 − 1
pn
·
Sk+1(p
n, χ)
k + 1
≡ χ(a)ak
pn−1∑
j=1
χ(j)jk
⌊
ja
pn
⌋
(mod pn).
(ii) Now let p = 2. It follows from (3.3) that
χ(a)ak − 1
2n
· Sk(2
n, χ) ≡ k
2n−1∑
j=1
χ(ja)
⌊
ja
2n
⌋
(ja)k−1 (mod 2).
Applying (3.3) again, we deduce that
χ(a)ak+1 − 1
22n−1
·
Sk+1(2
n, χ)
k + 1
−
1
2n−1
2n−1∑
j=1
χ(ja)
⌊
ja
2n
⌋
(ja)k
≡
2n−1∑
j=1
χ(ja)
⌊
ja
2n
⌋2
(ja)k−1 ≡ k
2n−1∑
j=1
χ(ja)
⌊
ja
2n
⌋
(ja)k−1 ≡
χ(a)ak − 1
2n
· Sk(2
n, χ) (mod 2).
Since k and χ have the opposite parity and χ is primitive, we must have that k and m have the same
parity if 1 ≤ m ≤ 2. So in view of (2.5), we get that Sk(2
n, χ) is divisible by 2n. Thus
χ(a)ak − 1
2n
· Sk(2
n, χ) ≡
χ(a)ak+1 − 1
2n
· Sk(2
n, χ) (mod 2).
Consequently,
χ(a)ak+1 − 1
2n
·
Sk+1(2
n, χ)
k + 1
−
χ(a)ak+1 − 1
2
· Sk(2
n, χ) ≡
2n−1∑
j=1
χ(ja)
⌊
ja
2n
⌋
(ja)k (mod 2n).
Furthermore, we have
kSk−1(2
n, χ) ≡ 0 (mod 2n) ≡ 0 (mod 4).
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Therefore in view of (3.6),
(1− χ(a)ak+1)L(−k, χ) ≡
χ(a)ak+1 − 1
2n
·
(
Sk+1(p
n, χ)
k + 1
− Sk(p
n, χ) +
k
12
· 2nSk−1(p
n, χ)
)
≡χ(a)ak−1
2n−1∑
j=1
χ(j)jk−1
⌊
ja
2n
⌋
(mod 2n).

4. Proof of Theorems 1.1 and 1.2
Proof of Theorem 1.2. Let n∗ = max{n+ 1,m}. Applying Theorem 3.1, we have
1− χ(a)ak+φ(p
n)q+1
χ(a)ak+φ(pn)q
· L(−k − φ(pn)q, χ)−
1− χ(a)ak+1
χ(a)ak
· L(−k, χ)
≡
∑
1≤j≤pn∗
(j,p)=1
χ(j)jk · (jφ(p
n)q − 1) ·
⌊
ja
pn∗
⌋
≡ 0 (mod pn). (4.1)
Thus (i) of Theorem 1.2 is immediately derived provided that 1− χ(a)ak+1 is prime to p.
Now assume that m ≥ 2 and 1− χ(a)ak+1 is not prime to p for every 1 ≤ a ≤ p− 1. By Lemma 2.3,
χ(p+ 1) is a pm−1-th primitive root of unity. So we know that
(1− χ(p+ 1))p
m−2(p−1)
p
is a unit of the pm−1-th cyclotomic field. For k ≥ 1,
1− χ(p+ 1)(p+ 1)−(k+1) ≡ 1− χ(p+ 1) (mod p).
Hence 1−χ(p+1) divides p, but (1−χ(p+1))2 doesn’t divide p. It follows that (1−χ(p+1))L(−k, χ)
is always p-integral.
Let a be an integer such that
(p+ 1)a ≡ 1 (mod pn∗+2).
Obviously a− 1 is divisible by p, but not divisible by p2. Noting that
(p+ 1)φ(p
n)q =
∑
j=0
(
pn−1(p− 1)q
j
)
pj ≡ 1 + ·pn(p− 1)q ≡ 1− pnq (mod pn+1),
we get that
1− χ(a)ak+φ(p
n)q+1
χ(a)ak+φ(pn)q
· L(−k − φ(pn)q, χ)−
1− χ(a)ak+1
χ(a)ak
· L(−k, χ)
≡
1− χ(p+ 1)(p+ 1)k+1
p+ 1
· L(−k, χ)−
1− χ(p+ 1)(p+ 1)k+φ(p
n)q+1
p+ 1
· L(−k − φ(pn)q, χ)
≡
1− χ(p+ 1)(p+ 1)k+φ(p
n)q+1
p+ 1
· (L(−k, χ)− L(−k − φ(pn)q, χ)) −
χ(p+ 1)(p+ 1)k+1pnq
p+ 1
· L(−k, χ)
(mod pn). (4.2)
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Furthermore, we have
(1− χ(a))(L(−k, χ)− L(−d, χ)) ≡
(1− χ(a))χ(a)ak
1− χ(a)ak+1
pm−1∑
j=1
χ(j)(jk − jd)
⌊
ja
pm
⌋
≡ 0 (mod
p
1− χ(a)
).
(4.3)
Hence, combining (4.1), (4.2) and (4.3), we obtain that
(1− χ(p+ 1))(L(−k, χ)− L(−k − φ(pn)q, χ))
≡
(p+ 1)(1− χ(p+ 1))
1− χ(p+ 1)(p+ 1)k+φ(pn)q+1
·
χ(p+ 1)(p+ 1)k+1pnq
p+ 1
· L(−k, χ)
≡χ(p+ 1)pn+1q · L(−k, χ) ≡ χ(p+ 1)pnq · L(−d, χ) (mod pn).
Finally, we need to show that (1 − χ(p+ 1))L(−d, χ) is not divisible by p. Let g be a primitive root
of pm. Since 1 − χ(g)gd+1 is not prime to p, we may assume that p is a prime ideal in the algebraic
integers ring of the φ(pm)-th cyclotomic field, dividing both 1−χ(g)gd+1 and p. It suffices to show that
pm−1∑
j=1
χ(j)jd
⌊
j(p+ 1)
pm
⌋
6≡ 0 (mod p).
Note that p divide 1−χ(g)gd+1 implies that p divides 1−χ(gs)(gs)d+1 for every s. So we have p divides
1− χ(j)jd+1 for any j with p ∤ j. It follows that
pm−1∑
j=1
χ(j)jd
⌊
j(p+ 1)
pm
⌋
≡
∑
1≤j≤pm−1
(j,p)=1
1
j
⌊
j(p+ 1)
pm
⌋
≡
(p+ 1)((p+ 1)p
m−1(p−1) − 1)
pm
≡ −1 (mod p),
where we use the following known result (cf. [2]):
aφ(n) − 1
n
≡
1
a
∑
1≤j≤n
(j,n)=1
1
j
⌊
ja
n
⌋
(mod n)
where (a, n) = 1 
Proof of Theorem 1.1. Since m ≥ 3, χ(5) 6= 1 is a 2m−2-th primitive root of unity. So 1 − χ(5) divides
2 and
1− χ(5)5k ≡ 1− χ(5) (mod 4).
Furthermore, applying Theorem 3.1 and recalling χ(−1) = (−1)k−1, we have
1− χ(5)5k+1
χ(5)k
· L(−k, χ)
≡
2m∑
j=1
χ(j)jk
⌊
5j
2m
⌋
=
∑
1≤j≤2m
j≡1 (mod 4)
(
χ(j)jk
⌊
5j
2m
⌋
+ χ(2m − j)(2m − j)k
⌊
5(2m − j)
2m
⌋)
≡2
∑
1≤j≤2m
j≡1 (mod 4)
χ(j)jk
(⌊
5j
2m
⌋
−
(
4−
⌊
5j
2m
⌋))
≡ 2
∑
1≤j≤2m
j≡1 (mod 4)
χ(j)jk
⌊
5j
2m
⌋
(mod 4).
So actually (1 − χ(5))L(−k, χ) is a multiple of 2.
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According to
(4j ± 1)2
nq = 1 +
∑
i=1
(±1)i ·
2nq
i
(
2nq − 1
i− 1
)
· 4iji,
we have
(4j ± 1)2
nq ≡ 1± 2n+2qj (mod 2n+3).
Let n∗ = max{n+ 3,m} and let a be an integer such that
5a ≡ 1 (mod 2n∗).
With the help of Theorem 3.1,
1− χ(a)ak+2
nq+1
χ(a)ak+2nq
· L(−k − 2nq, χ)−
1− χ(a)ak+1
χ(a)ak
· L(−k, χ)
≡
∑
1≤j≤2n∗
j≡1 (mod 4)
(
χ(j)jk(j2
nq − 1)
⌊
ja
2n∗
⌋
+ χ(2n∗ − j)(2n∗ − j)k((2n∗ − j)2
nq − 1)
⌊
(2n∗ − j)a
2n∗
⌋)
≡
2n∗−1∑
j=0
χ(4j + 1)(4j + 1)k ·
(
2n+2qj
⌊
(4j + 1)a
2n∗
⌋
+ 2n+2q(2n∗−2 − j)
(
a− 1−
⌊
(4j + 1)a
2n∗
⌋))
≡0 (mod 2n+3). (4.4)
On the other hand, note that
1− χ(a)ak+2
nq+1
χ(a)ak+2nq
· L(−k − 2nq, χ)−
1− χ(a)ak+1
χ(a)ak
· L(−k, χ)
≡5−1(1− χ(5)5k+1) · L(−k, χ)− 5−1(1− χ(5)5k+2
nq+1) · L(−k − 2nq, χ)
≡5−1(1− χ(5)5k+2
nq+1)(L(−k, χ)− L(−k − 2nq, χ)) + χ(5)5k2n+2qL(−k, χ) (mod 2n+3). (4.5)
Thus by (4.4) and (4.5), we get
(1 − χ(5))(L(−k − 2nq, χ)− L(−k, χ)) ≡
1− χ(5)
1− χ(5)5k+2nq+1
· χ(5)5k+12n+2qL(−k, χ)
≡χ(5)2n+2L(−k, χ) ≡ χ(5)2n+2L(−d, χ) (mod 2n+3),
where the last step follows from
L(−k, χ) ≡
χ(a)ak
1− χ(a)ak+1
2m−1∑
j=1
χ(j)jk
⌊
ja
2m
⌋
≡
χ(a)ad
1− χ(a)ad+1
2m−1∑
j=1
χ(j)jd
⌊
ja
2m
⌋
≡ L(−d, χ) (mod 22).
The remainder task to prove that
1− χ(5)5d+1
χ(5)5d
·
L(−d, χ)
2
≡
∑
0≤j≤2m−2−1
χ(4j + 1)
⌊
5(4j + 1)
2m
⌋
6≡ 0 (mod 1− χ(5)).
It is easy to see that 1− χ(5) divides 1− χ(4j + 1) for every j. So∑
0≤j≤2m−2−1
χ(4j + 1)
⌊
5(4j + 1)
2m
⌋
≡
∑
0≤j≤2m−2−1
⌊
5(4j + 1)
2m
⌋
≡|{j : 2m ≤ 20j + 5 < 2m+1}|+ |{j : 3 · 2m ≤ 20j + 5 < 2m+2}| (mod 1− χ(5)).
Note that
s · 2m+4 − 5
20
= 3s · 2m−2 +
s · 2m − 5
20
.
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Thus it suffices to show that
|{j : 2m ≤ 20j + 5 < 2m+1}|+ |{j : 3 · 2m ≤ 20j + 5 < 2m+2}|
is odd for 3 ≤ m ≤ 6. Of course, this can be verified directly. 
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